Abstract. In this paper, we study a scalar linearly growing BSDE with a weakly L 1+ -integrable terminal value. We prove that the BSDE admits a solution if the terminal value satisfies some Ψ-integrability condition, which is weaker than the usual L p (p > 1) integrability and stronger than L log L integrability. We show by a counterexample that L log L integrability is not sufficient for the existence of solution to a BSDE of a linearly growing generator.
Introduction
Consider the following Backward Stochastic Differential Equation (BSDE):
where the function f : [0, T ] × Ω × R × R 1×d → R satisfies |f (s, y, z)| ≤ α s + β|y| + γ|z|, with α ∈ L 1 (0, T ), β ≥ 0 and γ > 0. It is well known that if ξ ∈ L p , with p > 1 , then there exists a solution to BSDE (1.1), see e.g. [5, 4, 1] . The aim of this paper is to find a weaker integrability condition for the terminal value ξ, under which the solution still exists . Set Ψ λ (x) = xe Moreover, for any p ≥ 1, there exists a constant C p > 0 such that
We will see that even the condition Note that if the generator f is of sublinear growth with respect to z, i.e. there exists q ∈ [0, 1),
then there exists a solution for ξ ∈ L 1 , see [1] . Our method applies the dual representation of solution to BSDE with convex generator (see, e.g. [4, 6, 3] ) in order to establish some a priori estimate and then the localization procedure of real-valued BSDE [2] .
Let us close this introduction by giving the notations that we will use in all the paper. For the remaining of the paper, let us fix a nonnegative real number T > 0. First of all, (W t ) t∈[0,T ] is a standard Brownian motion with values in R d defined on some complete probability space (Ω, F, P). (F t ) t≥0 is the natural filtration of the Brownian motion W augmented by the P-null sets of F. The sigma-field of predictable subsets of [0, T ] × Ω is denoted by P.
Consider real valued BSDEs which are equations of type (1.1), where f (hereafter called the generator) is a random function [0, T ] × Ω × R × R 1×d → R and measurable with respect to P ⊗ B(R) ⊗ B(R 1×d ), and ξ (hereafter called the terminal condition or terminal value) is a real F T -measurable random variable.
Definition 1.2 By a solution to BSDE (1.1), we mean a pair
By BSDE (ξ,f ), we mean the BSDE of generator f and terminal condition ξ. For any real p ≥ 1, S p denotes the set of real-valued, adapted and càdlàg processes (
and M p denotes the set of (equivalent class of) predictable processes (Z t ) t∈[0,T ] with values in R 1×d such that
The rest of the paper is organized as follows. Section 2 establishes a necessary and sufficient condition for the existence of solution to BSDE (1.1) for the typical form of generator f (t, y, z) = α t + βy + γ|z|. Section 3 gives the Ψ λ integrability condition for the existence of solution to BSDE (1.1) for f (t, y, z) = α t + βy + γ|z|. Section 4 is devoted to the sufficiency of the Ψ λ -integrability condition for the existence of solution to BSDE (1.1) of the general linearly growing generator.
Typical Case
Let us first consider the following BSDE:
where α ∈ L 1 (0, T ), and β ≥ 0 and γ > 0 are some real constants. We suppose further that the terminal condition ξ is nonnegative. Note that if Y is a solution belonging to class D, then as e βt Y t is a local supermartingale, it is a supermatingale, from which we deduce that Y ≥ 0. In this subsection, we restrict ourselves to nonnegative solution.
2) has a unique solution. It has a dual representation as follows (see, e.g. [4, 3] )
where A is the set of progressively measurable processes q such that |q| ≤ γ,
and E q is the expectation with respect to Q q . By comparison theorem, Y n is nondecreasing with respect to n. Moreover, setting q n s = γ sgn(Z n s ), we obtain
For fixed k, Y n k is nondecreasing with respect to n and remains bounded by k. We can now apply the stability property of BSDE with bounded terminal data (see e.g. Lemma 3, page 611 in [2] ). Setting Y k (t) = sup n Y n k (t), there exists Z k such that lim n Z n k = Z k in M 2 and
Finally, noting that
we conclude the existence of solution (Y, Z). 
Whereas it is straightforward to see that for any p ≥ 1, ξ log p (ξ + 1) ∈ L 1 (Ω). For λ > 1, consider the following terminal condition
We have Ψ λ (ξ) ∈ L 1 by the following straightforward calculus:
while BSDE (2.2) has no solution, in view of the fact that ξe |W 1 | does not belong to L 1 (Ω).
Sufficient Condition
Let us now look for a sufficient condition for the existence of a locally bounded processȲ such that ess sup
For λ > 0, define the functions Φ λ and Ψ λ :
Then we have Proposition 3.1 For any x ∈ R and y ≥ 0, we have
It is sufficient to prove that for any x ∈ R and z ≥ 0,
It is evident to see that the above inequality holds when z + (T −t) .
Then we apply
Applying the above two propositions, we deduce the following sufficient condition.
Theorem 3.3 Let us suppose that there exists
λ ∈ (0, 1 γ 2 T ) such that E[Ψ λ (ξ)] < +∞. Then ess sup q∈A {E q [e β(T −t) ξ|F t ]} + T t e β(s−t) α s ds ≤Ȳ t , (3.6) withȲ t = e β(T −t) 1 1 − λγ 2 (T − t) + e 2 λ E[Ψ λ (ξ)|F t ] + T t e β(s−t) α s ds,
and (2.2) admits a solution (Y, Z) such that
Proof. Applying the above two propositions, we deduce
Then we get (3.6) and the rest follows from Theorem 2.1.
General Case
Consider the following BSDE:
where f satisfies |f (s, y, z)| ≤ α s + β|y| + γ|z|, (4.8)
with α ∈ L 1 (0, T ), β ≥ 0 and γ > 0. Proof. Let us fix n ∈ N * and p ∈ N * and set ξ n,p = ξ + ∧ n − ξ − ∧ p. Let (Y n,p , Z n,p ) be the unique solution in S 2 × M 2 of the BSDE (|ξ n,p |, f Finally, noting that
we conclude the existence of solution (Y, Z).
